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Abstract With the help of a tight-binding (TB) electronic-
structure toy model we investigate the matching of param-
eters across hetero-interfaces . We demonstrate that the vir-
tual crystal approximation, commonly employed for this pur-
pose, may not respect underlying symmetries of the elec-
tronic structure. As an alternative approach we propose a
method which is motivated by the matching of wave func-
tions in continuous-space quantum mechanics. We show that
this method obeys the required symmetries and can be ap-
plied in simple band to band transitions. Extension to mul-
tiple interfaces and to more sophisticated TB models is dis-
cussed.
1 Introduction
The modeling of quantum transport in nano-structured semi-
conductor devices is one of the major challenges in applied
solid-state physics [1,2,3,4,5,6,7,8,9,10]. In most cases a
reliable quantum mechanical treatment of charge transport
based on ab-initio electronic structure calculations seems to
be impossible with state-of-the-art methods. For many mate-
rial classes even ”ab-initio” methods require empirical input
in order to reliably capture the electronic structure in equi-
librium (T = 0). Furthermore, they generally cannot cap-
ture the non-linear-response regime [11,12]. We remark that
these shortcomings may not apply to the method suggested
by Brandbyge et al. [13].
As a resort, an empirical framework for the modeling
of electronic devices under a finite bias has commonly been
used. The calculation is subdivided into three steps: (i) the
electronic properties of (the components of) the device are
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identified by means of computational or experimental ef-
forts, (ii) the findings of step (i) are implemented into a
model Hamiltonian which in step (iii) is used in the transport
calculations, usually, with the inclusion of (self-consistent)
corrections to account for the specific non-equilibrium sit-
uation. Typically, step (i) yields the (bulk) electronic struc-
ture of individual components of the device, as well as the
band offset, for example, from a super-cell calculation. In
step (ii) this information is combined into a model Hamil-
tonian for the entire device. Here one faces the problem of
matching two or more regions with limited information re-
garding the interface. In the simplest case, one may know
the electronic structure of two bulk semiconductors and their
relative band alignment and be faced with the task to design
an effective Hamiltonian for the study of charge transport
across the hetero-interface.
In the case of single-band electronic transport in the para-
bolic regime, an effective-mass model (EMM) may be ap-
propriate. There is a plethora of analytic, as well as nu-
merical, methods available to solve the associated boundary
value problem. In particular, if a linear voltage drop is as-
sumed, Gundlach’s method may be employed to solve the
problem analytically [14]. However, the eigenvalues of the
problem are substantially influenced by the boundary and
matching conditions imposed upon the Schro¨dinger equa-
tion. We note that the EMM may be viewed as a special one-
band limit of the envelope-function approach. The matching
strategy for the latter also faces problems when the overlaps
of the Bloch functions for the two bulk materials to be joined
are not known [15].
For more complex band structure situations, empirical
tight-binding (TB) models provide a popular modeling tool
[5,4,10,1,8,7,2]. In this case the TB parameters have to be
regarded as pure fitting parameters, [16,17,18,19], to be
distinguished from the case where they stem from ab-initio
calculations [20,21,22]. Within this model, transport calcu-
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lations usually are performed within the framework of non-
equilibrium Green’s functions (NEGFs) or the transfer ma-
trix method [10,5].
Besides its numerous benefits, such as conceptual sim-
plicity and computational effectiveness, the empirical TB
approach also comes with caveats. Recently it has been ar-
gued by Tan et al. [22] that the reliability of transport cal-
culations based on empirical TB parameters is rather ques-
tionable and, therefore, a direct mapping procedure based
on ab-initio methods is preferable. Here, we shall address
an even more serious disadvantage of commonly employed
techniques in cases where the only information available
consists of the bulk electronic structure and the band-offsets
between the materials involved [23,24]. A common ap-
proach to the modeling of the interface for binary compounds
is the virtual crystal approximation (VCA) [25,26,4,1,2,3,
5]. It is based on a simple (linear) interpolation of TB hop-
ping and/or on-site parameters at the interface for establish-
ing a matching between materials.
Within this work and utilizing a toy model we demon-
strate that the commonly used VCA for constructing the
interface TB elements may not respect all symmetries of
the underlying TB model and we propose an alternative ap-
proach which preserves these symmetries. It is important to
remark that the method proposed by Brandbyge et al. [13]
also employs an ad hoc approximation which is of the form
of the VCA. This paper is structured as follows: In Sec. 2 we
define a rather simple model Hamiltonian and briefly discuss
the NEGF method, as well as the EMM, as required for our
purpose. In Sec. 3 we demonstrate that the VCA is likely
to lead to inconsistencies by investigating an artificial and
a genuine interface. Finally, in Sec. 4 we propose an alter-
native formulation of the interface matching problem and
demonstrate that it respects the symmetries supplied by the
input information. Conclusions are drawn in Sec. 5.
2 The model
We define a bulk toy model in order to formulate the match-
ing problem and to demonstrate the inconsistencies which
may arise. It is an infinite one-dimensional two component
tight-binding chain with nearest-neighbor hopping only. Each
element of the chain contains one orbital and the grid-spacing
is given by a > 0. The Hamiltonian may be written as
H = ∑
lσ
εσ |l,σ〉 〈l,σ |
+t12 ∑
l
(|l,2〉〈l+ 1,1|+ |l,1〉 〈l,2|) , (1)
where l ∈ Z labels the unit cells, σ ∈ {1,2} labels the atoms
within the unit cells and |l,σ〉 are the basis-kets localized at
lattice point (l,σ). Furthermore, εσ ∈ R are the onsite ener-
gies of atom σ and t12 is the hopping element. Please note
that in writing Eq. (1) we assume that t12 ∈ R for reasons of
simplicity. Let us define an onsite matrix ε and a hopping
matrix t via
ε =
(
ε1 t12
t12 ε2
)
(2)
and
t =
(
0 0
t12 0
)
. (3)
The eigen-energies of the Hamiltonian (1) can be expressed
as
E1,2(k) = B±
√
B2−A(k), (4)
where we introduce the wavenumber k∈
[
− pi
a
, pi
a
]
and define
A(k) = det [h(k)] , (5)
together with
B =
1
2
Tr [h(k)] . (6)
Moreover, we define the Hamiltonian matrix h(k) as the rep-
resentation of the Hamiltonian H in reciprocal space,
h(k) = ε + t exp(ika)+ t† exp(−ika). (7)
Please note that we refer to the operator (1) as the Hamilto-
nian while we denote the matrix h(k) as the Hamiltonian ma-
trix. The band structure defined by Eq. (4) is completely de-
termined by the set of TB parameters ξ = (ε1,ε2, t12) ∈ R3.
In order to emphasize this dependence we denote En(k) ≡
En(k,ξ ), where n = 1,2.
We shall now consider two different bulk materials each
characterized by a Hamiltonian of the form (1) with TB pa-
rameters ξL and ξR, respectively. We bring these two materi-
als into contact and investigate the resulting heterostructure
assuming that the band-offset is known and no further in-
terface effects are taken into account. In what follows we
present two common approaches to calculate the transmis-
sion function T (E) through the interface for some particular
energy E . Please note that we restrict our discussion to the
case of zero bias for reasons of simplicity. The general argu-
ments also apply to heterostructures under bias.
As a first technique we shall discuss the NEGF approach
with the VCA. We introduce two Hamiltonians of the form
Eq. (1), however, each defined only on one half axis, i.e.
l ∈ Z− and l ∈ Z+. Furthermore, we denote HL and HR
the Hamiltonians defined on the semi-infinite domains of
the left material L (l = −1,−2, . . .) and the right material
R (l = 1,2, . . .). Diagonal elements of the TB Hamiltonians
are shifted to comply with the band alignment. These two
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Hamiltonians are then connected with the help of an inter-
face Hamiltonian HI such that the total Hamiltonian H of
the system is of the form
H = HL +HI +HR. (8)
It is obvious that the particular choice of HI significantly
influences the transport physics of the system, yet, in most
applications its exact structure is unknown. In the particular
case of two diatomic materials AB and CB which share the
atomic constituent B, as for instance in the case of a GaAs
/ AlAs heterostructure [4], a common approach is the vir-
tual crystal approximation, for instance [25,26], in which HI
contains one element from the left chain, associated with A,
while the onsite element of the common atom B is averaged
at the interface, i.e.
ε I2 = xε
L
2 +(1− x)εR2 (9)
where x ∈ [0,1]. Here, εL/R2 denote the onsite enery of atom
B according to the TB parameter sets ξL/R. The coupling
to the left semi-infinite Hamiltonian is then described ac-
cording to tL12, while the coupling to the right semi-infinite
Hamiltonian is described by the hopping between atoms B
and C, i.e. tR12.
The transmission function T (E) across the interface as-
sociated with Hamiltonian (8) may, for instance, be calcu-
lated within the NEGF formalism, dividing the TB chain
into three segments: the left semi-infinite lead consisting of
the unit cells l =−2,−3, . . ., the interface region referred to
as system S given by the unit cells l =−1,0,1, and the right
semi-infinite lead consisting of the cells l = 2,3, . . .. T (E) is
given by [10]
T (E) = Tr
[
ΓRGRSΓLGAS
]
, (10)
where Tr [·] denotes the operator trace, ΓR/L are the coupling
functions to the right (R) and the left (L) semi-infinite leads,
respectively, and GR/AS denote the retarded and advanced
system’s Green’s function. The latter are given by [10]
GRS =
[
(E + iη)I−HS−ΣRL −ΣRR
]−1
, (11)
and GAS =
(
GRS
)†
and HS is the system Hamiltonian. In Eq.
(11) η > 0 is a small parameter, I is the identity, and ΣRL/R
is the retarded self-energy of the leads. The retarded self-
energy of the leads is calculated from the surface Green’s
functions of the left and the right lead GRL/R, respectively,
via [10]
ΣRL = t†GRLt, and ΣRR = tGRRt† (12)
where we take into account that t12 ∈R. The surface Green’s
functions, in general, can be determined recursively with the
help of layer doubling, as suggested by Sancho et al. [27].
The coupling functions appearing in Eq. (10) are given by
ΓL/R = i
(
ΣRL/R −Σ
A
L/R
)
. (13)
An entirely different approach is to calculate the trans-
mission with the help of an EMM. We calculate the effective
mass of the band of interest, say n, at k = 0 via
m(ξ ) = h¯2
[
d2En(k,ξ )
dk2
]−1
k=0
. (14)
In what follows, we employ the notation
m =
{
mL x ≤ 0,
mR x > 0,
(15)
where we replace the discrete index l ∈ Z by the continu-
ous variable x ∈ R. Again, we partition the domain into two
different regimes: (I) with m = mL for x ≤ 0 and (II) with
m = mR for x > 0 and solve the corresponding eigenvalue
problem analytically. In particular, in region (I) we have
ψ ′′(x)+ 2mL
h¯2
Eψ(x) = 0, (16)
with the solution
ψ(x) = exp(ikLx)+Rexp(−ikLx). (17)
Here, R is the reflection amplitude and the wavenumber kL
is given by
kL =
√
2mL
h¯2
E. (18)
In similar fashion we obtain for regime (II) the solution
ψ(x) = ˜T exp(ikLx), (19)
when no right-incident waves are considered. Here ˜T is the
transmission amplitude and the wavenumber kR reads
kR =
√
2mR
h¯2
(E +∆), (20)
with ∆ ∈ R the bandoffset. If we consider a linear volt-
age drop between two leads, one may solve the correspond-
ing Schro¨dinger equation analytically with the help of Airy
functions [14]. The numerical constants R and ˜T are deter-
mined by the continuity conditions of the wave function and
the current density. These conditions read
1+R = ˜T , (21a)
kL
mL
(1−R) =
kR
mR
˜T . (21b)
The transmission function T (E) is then calculated via
T (E) =
kRmL
kLmR
| ˜T |2. (22)
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A major benefit of the EMM is clearly its conceptual
simplicity, but, in most cases the parabolic approximation
may not be justified and the method of choice is the determi-
nation of T (E) within a NEGF approach as discussed above.
However, by writing Eq. (8) for the total Hamiltonian H we
employ information which we actually do not have. Even
worse, it turns out that the electronic structure is invariant
under certain transformations of the TB parameters and that
these symmetries are destroyed by the particular choice of
HI in the VCA (9). Let us exemplify this dilemma within
the next section in more detail.
3 The dilemma
Let us define the operators A and B acting on vectors ξ ∈
R
3 via
A : (ε1,ε2, t12) 7→ (ε1,ε2,−t12), (23a)
and
B : (ε1,ε2, t12) 7→ (ε2,ε1, t12). (23b)
Then we note from Eq. (4) - (7) that the electronic structure
En(k,ξ ) obeys the invariances
En (k,A ξ ) = En (k,ξ ) , (24a)
and
En (k,Bξ ) = En (k,ξ ) , (24b)
for all ξ ∈ R3. Thus, the electronic structure described by
the Hamiltonian Eq. (1) is invariant under a change of the
sign of the hopping parameter connecting the two atomic
species, see Eq. (24a). Furthermore, the electronic struc-
ture is also invariant under a relabeling of the atoms within
the unit cell, as expressed in Eq. (24b). This has the conse-
quence that TB parameters are not uniquely determined by
the band structure while the reversed statement is entirely
true. Moreover, given a set of TB parameters we can im-
mediately construct three further sets of parameters which
yield completely identical bands by simply employing the
invariances (24a) and (24b).
In this light, the VCA for TB models may become prob-
lematic because one needs to unambiguously identify the
associated atomic species, which according to Eq. (24b) is
not possible in many cases. In particular, ε2(BξL) = ε1(ξL).
On the other hand, the EMM respects the symmetries Eqs.
(24a) and (24b), since the effective mass is solely based on
the electronic structure, see Eq. (14).
In summary, if the only information available is the elec-
tronic structure En(k) then the set of TB parameters defin-
ing the underlying Hamiltonian (1) is not unique. This is not
problematic as long as one deduces from the Hamiltonian
−2 0 2
−2
0
2
4
k/a
E 
/ e
V
Fig. 1 (Color online) Electronic structure of the toy model Eq. (1) with
TB parameters ξ = (2,−1,1).
(1) observables which too are invariant under a change in the
TB parameters according to A and B. On the other hand, if
the observables are not invariant under these transformations
one introduces an inconsistency because one utilizes infor-
mation which is not contained in the electronic structure, as
for instance, the sign of t12.
In what follows we investigate this problematic in terms
of the toy model in order to quantify the error.
3.1 An artificial heterostructure
For a first example we consider a homogeneous system with
a bulk electronic structure described by a Hamiltonian of
the form (8), i.e. we model a diatomic material comparable
to, for instance, GaAs. The TB parameters ξ = (2,−1,1)
uniquely determine the electronic structure. Now an artifi-
cial interface between two semi-infinite linear chains is con-
structed by employing the symmetry operators A and B
to the right chain. For the left semi-infinite chain we keep
ξL = ξ , while for the right semi-infinite chain ξR is one
of the parameter sets: ξa = ξL, ξb = A ξL, ξc = BξL and
ξd =A BξL. Since the transmission obtained with an EMM
is invariant under these substitutions we shall restrict the fol-
lowing discussion to the NEGF formalism with the VCA.
The electronic structure, as well as the resulting transmis-
sion function for the lower band with x = 0.5, are illustrated
in Fig. 2.
The transmission function resulting from the correct treat-
ment of the material (ξR = ξa, red solid line) agrees with the
result obtained with the help of ξR = ξb and with that of an
EMM. However, the transmission originating from an ex-
change of the parameters 1↔ 2 according to B strongly de-
viates from the original curve. The reason obviously stems
from modeling an interface of the form · · ·ABABBABA · · ·
instead of · · ·ABABABAB · · · . This example clearly illustrates
a major problem in the TB treatment of interfaces with the
help of the VCA. Moreover, we do not know which value
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Fig. 2 (Color online) The transmission function through the lower
band resulting from an artificial interface as obtained by applying the
symmetry operators A and B to ξ . Please note that we did not plot
the transmission of ξb because it is equivalent to the correct case ξa.
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x = 0.25
x = 0.375
x = 0.5
Fig. 3 (Color online) The transmission function for the lower band
resulting from an artificial interface with ξc for different values of x.
of x in the VCA (9) should give the correct result. We illus-
trated this dependency for the case ξR = ξc in Fig. 3 for three
different values of x.
3.2 A genuine heterostructure
For the second example we investigate two truly different
materials characterized by ξL and ξR and which have one
atom in common, i.e. we are looking at an interface of the
form · · ·ABABCBCB · · · . According to the above discussion
it is not possible to assign TB parameters to a particular atom
within the unit cell as expressed in Eq. (24b). This point is
particularly crucial if the TB parameters are genuine fitting
parameters stemming from the electronic structure solely, as
in the case of empirical TB approaches [16,17,18]. Then it
is not possible to unambiguously identify certain parameters
with one atomic species in general.
The two electronic structures depicted in Fig. 4, respec-
tively, correspond to the TB parameters ξL = (2,−1,1), for
AB, and ξ =(2.6398,−0.0602,1.5), for material BC. Again,
−2 0 2
−2
0
2
4
k/a
E 
/ e
V
Fig. 4 (Color online) Electronic structure according to the TB param-
eters ξL = (2,−1,1) (red solid lines) and ξR = (2.6398,−0.0602,1.5)
(blue dashed lines).
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Fig. 5 (Color online) Transmission T (E) for the composite material
with the NEGF technique with parameters ξa (red solid), ξc (magenta
dash dotted) and for the EMM (black solid line). The curves for ξb and
ξd have been omitted since they are equivalent to ξa and ξc, respec-
tively.
ξR takes is equivalent to one of the TB parameters ξa = ξ ,
ξb = A ξ , ξc = Bξ and ξd = A Bξ . The resulting trans-
mission functions for the lower band are depicted in Fig. 5.
In summary, for a simple model system we have iden-
tified the reasons why the VCA does not yield satisfactory
results. The problem is that (i) an arbitrary mixing parameter
x is introduced at the interface, and (ii) the symmetry of the
electronic structure under the operators A and B acting on
ξ , Eqs. (24a) and (24b), is not respected within the VCA. It
is clear that ambiguities grow dramatically with increasing
complexity of the TB model. A determination of the trans-
mission function within the EMM respects this symmetry,
however, the EMM itself often is too crude for an electronic
structure model. In the EMM the preservation of symme-
try in the transmission function is a result of the matching
condition at the interface, see Sec. 2. In what follows we
propose a comparable approach for TB models as a possible
method for avoiding ambiguities in the interface problem.
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4 The interface matching problem - a possible solution
Within this section we propose a discrete matching approach
for TB models which is adopted from the matching proce-
dure within the EMM. The main procedure consists in solv-
ing the bulk problem for the two different materials sepa-
rately and matching the wave functions, as well as the cur-
rent between unit cells, at the interface. Such an approach
has two main advantages: (i) it does not introduce arbitrary
parameters at the interface and (ii) it respects the symme-
tries of the electronic structure, e.g. under variation of ξ ac-
cording to A and B, Eqs. (24a) and (24b), for the case of
the TB Hamiltonian (1). However, this approach still cannot
account for interfacial effects as long as no additional infor-
mation is made available. It has, therefore, to be regarded
as a best solution based on the information given. We shall
first illustrate the procedure for the matching of two single-
atomic linear TB chains in subsection 4.1 since it allows an
entirely analytic exposition of the method. Subsequently, the
method is generalized and then applied to the toy model in
subsection 4.2.
The assumption of an abrupt interface between to semi-
infinite crystals inevitably represents an approximation which
leads to a loss of information regarding microscopic details
at the interface. In an empirical TB model parameters should
become position dependent near the interface. However, the
mapping of ab-initio band structure calculations onto em-
pirical TB models numerically is rather intractable (due to
supercell size) and one may resort to an approach based on
stationary scattering theory. Considering a quasi-1D system,
such as a heterostructure, a stationary solution for given en-
ergy E with in-asymptote
∣∣n,k||,ki〉, with band index n and
parallel k-vector k|| , may be written as
|E〉=


∣∣n,k||,ki〉+∑(out)m, j rn,i;m, j(E,k||) ∣∣m,k||,k j〉 for z < 0,
∑(out)m′, j′ tn,i;m′, j′(E,k||)
∣∣m′,k||,k j′〉 for z > 0,
(25)
when the interface is positioned at ”z = 0”. The sum is over
the out-channels for which E = Em(k||,k j) = Em′(k||,k j′).
In- and out-channels, respectively, are identified as having
group velocity z-components towards the interface and away
from the interface. In general, degeneracy may imply more
than two out-channels m,k j for each in-channel. Unitarity
of the S matrix and possibly other symmetries, such as time-
reversal invariance, reduce the number of independent ele-
ments rn,i;m, j(E,k||) and tn,i;m′, j′(E,k||) but are not sufficient
to uniquely specify them if the interface potential at z≈ 0 is
unknown.
Let NL and NR denote the number of available in-channels
on the left- and the right-hand side of the interface at a given
energy E . Under time-reversal symmetry, we also have NL
and NR out-channels on each side. Then, unitarity of the S
matrix leads to (NL +NR)2 conditions for 2(NL +NR)2 un-
knowns. For NL = NR = 1, i.e., one out-channel on each
side, one is left with two unknowns. For this case, and this
represents our suggested alternative for an ad-hoc VCA, the
condition of continuity in charge and current density across
the interface determine the transmission and reflection at the
hetero-interface, in analogy to the effective-mass case and a
finite potential step. For higher degeneracy, additional in-
formation is necessary to determine all of the S matrix ele-
ments.
4.1 Tight-binding interface matching for single-atomic
chain
Two semi-infinite single-atomic linear TB chains are to be
connected at the grid point l = 0. The connection between
these two chains is not established by introducing an ad-
hoc hopping parameter t˜ across the interface, as for instance
suggested by Harrison [25], but rather by matching the left
and right solutions at the interface. For this purpose, the left-
and right-semi-infinite TB Hamiltonian both are extended to
site l = 0. Specifically we propose the matching conditions
|ψL(0)|2 = |ψR(0)|2, (26a)
and
JL−1/2 = J
R
+1/2. (26b)
Here, ψL/R are the wave functions at site l = 0 expressed
respectively, in terms of the left (L) and right (R) TB or-
bitals. The second condition (26b) guarantees stationarity of
the solution, i.e. the current flowing between the grid points
l =−1 and l = 0 in the left chain equals the current flowing
between l = 0 and l = 1 in the right chain. While the match-
ing conditions (21) can be derived from the Schro¨dinger
equation, these two conditions (26) may be viewed as a (sta-
tionary version of the) particle continuity equation in terms
of TB orbitals. Condition (26a) ensures that the probability
for finding a particle at the interface is the same when ap-
proaching the interface from left or right: at the interface this
probability can be expressed either in terms of the L or R ba-
sis functions. In the parabolic regime above conditions (26)
become exact (i.e., agree with the ones for the Schro¨dinger
equation) and coincide with Eqs. (21).
The isolated Hamiltonian of the L and R single-particle
TB chain, respectively, is denoted by HL and HR with on-
site energies εL, εR and hopping elements tL, tR, respectively.
The corresponding energy bands are
EL/R(k) = εL/R + 2tL/R cos(aL/Rk). (27)
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For both bulk Hamiltonians, we write the eigenfunctions as
linear combination of localized states
∣∣lL/R〉∣∣ΨL/R〉= ∑
l
a
L/R
l
∣∣lL/R〉 , (28)
where the general form of the coefficients aL/Rl for given k
is well known to be of the form
a
L/R
l (k) = AL/R exp(ikla)+BL/R exp(−ikla). (29)
We assume for simplicity that the lattice constants coincide
aL = aR ≡ a. In analogy to Eq. (17) we choose
AL = 1, BL = R, AR = T, and BR = 0. (30)
For given energy E , condition (26a) reads
|aL0 [kL(E)]|2 = |aR0 [kR(E)]|2, (31)
where we define the wave numbers kL/R(E) = |E−1L/R(E)|
with the help of the inverse of Eq. (27). With Eq. (30) we
rewrite this condition as
|1+R(E)|2 = |T (E)|2. (32)
We calculate the current from lattice point−1 to lattice point
0 via
J−1/2 =
i
h¯
[
(aL0)
∗tLaL−1− i(aL−1)∗tLaL0
]
= −
2
h¯ tL(|R|
2− 1)sin(kLa), (33)
and from 0 to 1 as
J+1/2 =
2
h¯ |T |
2tR sin(kRa). (34)
Furthermore, it is convenient to define the velocities
vL/R(k) =
1
h¯
d
dk EL/R(k) =−
2
h¯ atL/R sin(ka), (35)
and rewrite condition (26b) as
|R(E)|2 +
vR[kR(E)]
vL[kL(E)]
|T (E)|2 = 1. (36)
Hence, we solve the coupled equations (32) and (36). Un-
der the assumption that R,T ∈ R these equations are easily
solved to give
T (E) =
2vL(kL)
vL(kL)+ vR(kR)
, (37a)
and
R(E) =
vL(kL)− vR(kR)
vL(kL)+ vR(kR)
. (37b)
Clearly, the quantities of physical interest are
vL(kL)
vR(kR)
|T (E)|2 =
4vR(kR)vL(kL)
[vL(kL)+ vR(kR)]2
, (38a)
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Fig. 6 (Color online) Reflection and transmission coefficient through
the interface between two semi-infinite single atom TB chains as ob-
tained with the matching method (solid lines) and with the EMM
(dashed lines).
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Fig. 7 (Color online) Electronic structures of the two isolated semi-
infinite chains (solid lines) and parabolic approximations (dashed
lines).
and
|R(E)|2 =
(
vL(kL)− vR(kR)
vL(kL)+ vR(kR)
)2
. (38b)
The transmission and reflection as a function of energy
E can be obtained by inverting Eq. (27), however, it has to
be kept in mind that, due to our choice of Eq. (30), one has to
take the branch vL(kL),vR(kR)≥ 0. In Fig. 6 we illustrate the
transmission and reflection coefficients Eq. (38) for εL = 2,
εR = 1, tL = −1, tR = −0.5 in comparison with the result
obtained with an EMM. The corresponding electronic struc-
tures Eq. (27) together with the parabolic approximations
are illustrated in Fig. 7.
From Fig. 6 we observe that the reflection and the trans-
mission coefficients from the left to the right TB chain are
well approximated by the EMM only for energies near to
the band minimum. This is in accordance with the effective
mass approximation, see Fig. 7. Moreover, we note that the
reflection correctly approaches 1 as the energy E approaches
2 eV, see Fig. 6. This is due to the reduced band width of the
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electronic structure of the right semi-infinite chain, see Fig.
7. The transmission is maximal for low energies.
In what follows we shall formulate the matching method
for more general TB Hamiltonians and then apply it to the
diatomic TB chain model discussed in subsection 3.2.
4.2 The genuine heterostructure revisited
Let us begin with a brief review of some important proper-
ties of general nearest neighbor TB models. The Hamilto-
nian H is of the form
H = ∑
lσ
εσ |lσ〉 〈lσ |
+ ∑
ll′σσ ′
tσσ
′
ll′ |lσ〉
〈
l′σ ′
∣∣ (39)
where l and l′ label the unit cell and σ = 1, . . . ,N is an ad-
ditional index. This additional index might include, for in-
stance, the atoms in the unit cells as well as their orbitals
and the parallel momentum k‖, if the Hamiltonian (39) is
derived from a three-dimensional TB model by partial Wan-
nier transformation [4]. The hopping elements tσσ ′ll′ couple
only up to neighboring unit cells. This is a valid assumption
for any finite-range TB model since the unit cell can be cho-
sen as large as necessary [28]. We expand the wavefunction
as
|ψ〉= ∑
lσ
clσ |lσ〉 ≡∑
l
cl · |l〉 , (40)
where in the very last step we introduce the N-component
vectors cl = {clσ} and a ”vector ket” |l〉 = {|lσ〉}. Bloch’s
theorem allows one to extract the space dependence of the
vector cl at a given energy E in form of a phase factor
cl(E) = c[k(E)]exp [ik(E)la]
+c[−k(E)]exp [−ik(E)la] , (41)
where k(E) is the inverse of the electronic structure E =
En(k) for a given energy E and c(k) is the eigenvector of the
Hamiltonian matrix h(k) with eigenvalue E . The Hamilto-
nian matrix h(k) reads
h(k) = ε + exp(ika)t + exp(−ika)t†, (42)
where we define an onsite matrix ε with matrix elements
εσ δσσ ′ + tσσ
′
ll and a coupling matrix t with elements tσσ
′
ll+1,
respectively. Please note that the Hamiltonian matrix Eq. (7)
is a special case of this general form. Furthermore, the cur-
rent Jl+1/2 between unit cells l and l + 1 can be written as
Jl+1/2 =
i
h¯
(
c
†
l tcl+1− c
†
l+1t
†cl
)
. (43)
Hence, the general matching conditions for given energy
E read
|cL[kL(E)]+ cL[−kL(E)]R|2 = |T cR[kR(E)]|2 , (44a)
and
JL−1/2 = J
R
+1/2, (44b)
where we use
JL−1/2 =
i
h¯
[(
cL−1
)†
tLcL0 −
(
cL0
)†
t†Lc
L
−1
]
, (44c)
with
cLl = cL[kL(E)]exp [ikL(E)laL]
+RcL[kL(E)]exp [−ikL(E)laL] , (44d)
and
JR+1/2 =
i
h¯
[(
cR0
)†
tRcR1 −
(
cR1
)†
t†Rc
R
0
]
, (44e)
with
cRl = TcR[kR(E)]exp [ikR(E)laR] . (44f)
Here, cL/R[kL/R(E)] are the eigenvectors to the Hamiltonian
matrices hL/R(k) with eigenenergies E , which are of the form
Eq. (7), however, corresponding to the Hamiltonians HL and
HR, respectively. Moreover, with kL/R(E) for a given energy
E we define the inverse of the dispersion relations ELn (k) and
ERn (k), respectively. Finally, aL/R denote the lattice constants
of the two materials. Note that these matching conditions re-
spect time-reversal symmetry.
We solve the above equations (44) for the problem dis-
cussed in Sec. 3.2. The resulting transmission and reflection
functions are plotted in Fig. 8, in comparison to the result
obtained with the help of Eqs. (38). It is very important to
notice that the result depicted in Fig. 8 is independent of
the actual choice of the parameter sets ξL and ξR, i.e. the
transmission function is independent under the action of the
symmetry operators A and B. This follows from the match-
ing conditions (38), since all quantities entering these equa-
tions are solely determined by the bulk Hamiltonians HL/R.
In Fig. 9 we illustrate the transmission through the diatomic
TB heterostructure discussed in Sec. 3.1 in comparison with
the results obtained with the help of the virtual crystal ap-
proximation, see Sec. 3.1.
The transmission and reflection function versus energy
computed in this fashion may subsequently be mapped back
onto a TB model. This can be achieved by constructing a
Hamiltonian ˜H of the form
˜H = HL +V(E)+HR, (45)
where one introduces an energy dependent coupling Hamil-
tonian V (E) between the two chains. Following the proce-
dure outlined in Sec. 2 to obtain the transmission T (E) with
the help of a Green’s function approach, the elements of
the hopping matrix V (E) is then determined in such a way
that the transmission obtained by solving Eqs. (38) is repro-
duced. Hence, V (E) will depend on the particular choice of
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Fig. 8 (Color online) Transmission and reflection coefficient through
the interface between two semi-infinite diatomic TB chains as obtained
with the matching method (solid lines) and as obtained when employ-
ing relations (38) (dashed lines).
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Fig. 9 (Color online) Transmission coefficient throught the interface
between two semi-infinite diatomic TB chains as obtained with the
NEGF formalism where the hopping has been fitted to the result of
the matching method, (solid red and dashed blue lines). Furthermore,
we present the solutions obtained with the VCA in Sec. 3.2.
ξL and ξR, however, is determined in such a way that it re-
produces a parameter-independent result, such as the trans-
mission T (E). Moreover, as long as the voltage drop at the
interface is small, V (E) may provide a good approximation
for the heterostructure under bias. An extension to multiple
interfaces of this type is straight-forward.
This method works as long as to every in-channel Bloch
state there is only one out-channel state, respectively, to the
left and to the right. In other words, as long as one deals with
the problem of matching a doubly degenerate band in one
material with another one in the other. The proposed match-
ing conditions (44) alone are not sufficient to tackle the case
of multi-channel scattering where, for given in-channel E,n,k||
(energy, band index, and k-parallel) the degenerate out-channel
states lie in different energy bands n, or in the same band n
when a degeneracy of greater than two is present. A unique
solution cannot be obtained without further assumptions. This
is most easily observed by inspection of a situation with one
in-channel on the left hand side i and two out-channels on
the right hand side. In this case the wave function to the
right of the interface is given by a linear combination of
the first and the second channel states with weights ti,1(E)
and ti,2(E) in Eq. (25). It is clear, that the matching condi-
tions Eqs. (44) may be solved only if the ratio ti,1(E)/ti,2(E)
is known. An estimate for this ratio might be obtained by
”blanking off” one out-channel at a time and determining the
two transmission functions at a time. However, in this proce-
dure, phase information is lost. It should also be mentioned
that in many multichannel problems, there may be dominant
out-channels (those which couple dominantly with a given
in-channel). This may be used to reduce the problem in an
approximation to a tractable 2 by 2 form of one out-channel
on each side of the interface. In addition, of course, empiri-
cal input from experiment may be helpful in the fitting pro-
cedure.
5 Conclusions
We have studied the electron transmission through a hetero-
interface as modeled by the linking of two diatomic single-
orbital TB chains. The two separate TB chains are char-
acterized solely by their bulk properties while no particu-
lar information about the interface, other than the relative
band alignment, is available. For this example we demon-
strate that the commonly employed VCA does not respect
the underlying symmetries of the electronic structure in re-
lation to the TB model used in the fitting procedure. Com-
monly, however, the latter is the key input information avail-
able. Hence, the VCA introduces an arbitrary error which
is hard to estimate. As a remedy to this ambiguity we sug-
gest a matching method of the wave function and current
density which is motivated by the continuity relations of
continuous space quantum mechanics. In particular, the ob-
tained transmission functions respect the symmetries of the
band structures associated with the TB model and can there-
fore be regarded as a best result under available informa-
tion. The transmission function determined with the help
of the proposed matching method can subsequently be used
to construction of a hopping Hamiltonian which reproduces
this transmission function. Thus, multiple interfaces can be
treated in this fashion.
We stress that the proposed matching method does not
give a physically complete description of the interface. In
fact, this is not possible since the required information re-
garding the coupling matrix at the interface which enters the
total Hamiltonian H is considered to be unknown. Hence,
the approach discussed here is no substitute for a full (micro-
scopic) study of the hetero-interface. But, since such a study
is almost always based on large supercell calculations, one
is confronted with the problem of fitting numerous bands
which, in most cases, practically is not feasible.
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The matching method is applicable to the case of one
out-channel on each side (per in-channel). If more in- or out-
channels are present, a simple matching technique cannot
yield the channel resolved transmission since the problem
is underdetermined (since the Hamiltonian at the interface
is unknown). However, if the transmission ratio between all
available out-channels is known, the proposed method can
still be employed in order to obtain the total transmission
function.
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